The article analyses the relationship between investment risk (as measured by the variance of returns or standard deviation of returns) and liquidity risk. The paper presents a method for calculating a new measure of liquidity risk, based on the characteristic line. In addition, it is checked what is the impact of liquidity risk to the volatility of daily returns. To describe this relationship dynamic econometric models were used. It was found that there was an econometric relationship between the proposed measure liquidity risk and the variance of returns.
introduction
Investing in securities is involved with the risk of not achieving target profitability in the future. Since the time of work Markowitz (1952) as a risk assessment of investments in shares assumed a standard deviation or variance of returns. In his work Markowitz (1952) argues that the downside risk measures are a good approach to assess the risk of the investment. Using this approach could be for the assessment investment risk taking into account only part of the volatility of returns. One of the most popular methods of downside risk measurement in the case of shares is still the use of semi-variance or semi-deviation (Wolski, 2013; Pla-Santamaria, Bravo, 2013) . Another approach to assess the risk of investments was proposed by Sharpe (1970) . In his work can be found sharing the risk of investments into two categories, systematic risk -related to the stock market and specific risk -related to a specific security. However this classification is insufficient. In most applications it can be found that sharing the risk of the investment into several categories, belong either to the systematic risk or to specific risk.
A good example of this could the paper by Jacobs and Levy (2013) where in the utility function the risks associated with leverage were taken into account. That function includes the risks and costs of margin calls -which can force borrowers to liquidate securities at adverse prices due to illiquidity -losses exceeding the capital invested, and the possibility of bankruptcy. Another approach to include additional categories of risk could be the work of Garsztka (2012) . In this work the author proposes to take into account the liquidity risk associated with trading stocks with low liquidity. This risk is considered as part of a specific risk. When an investor trades stocks with lower liquidity it should be expected that there will be higher transaction costs.
Liquidity is a broad and elusive concept that generally denotes the ability to trade large quantities quickly, at low cost, and without moving the price (Pastor, Stambaugh, 2003) .
Attempts to measure the liquidity in this sense have been undertaken among others by Amihud and Mendelson (1986) , where illiquidity can be measured by the cost of the immediate execution. An investor willing to transact faces a trade-off: He/she may either wait to transact at a favourable price or insist on immediate execution at the current bid or ask price. The quoted ask (offer) price includes a premium for immediate buying, and the bid price similarly reflects a concession required for immediate sale. In this paper, the authors decided to test whether the increased liquidity risk within the meaning of Garsztka (2012) may be a symptom of increased specific risks. For this purpose there are proposed econometric models to clarify the relationship between liquidity risk and specific risk. In the first and second section a method for estimating new liquidity risk measures is presented. In the third section an econometric model is proposed which tested the relationship between investment risk and liquidity risk. The final part of the paper presents the results of the empirical research.
characteristic line of asset and liquidity risk
Characteristic line of asset or market model is called the equation:
where: R i -rate of return on security i; R M -rate of return on the market portfolio (e.g. index);
ε i -random variable explain "distortion" outside of the capital market; i , β i -coefficients.
For random variables, the following assumptions:
Estimation of the parameters of the characteristic line usually is done by the classical method of the least squares, which usually requires an additional assumption of the normal distribution of variables, in particular ε i .
Suppose that the return on asset depends on the situation on the market:
1. In the case of neutral information the changes of asset price come from randomly occurring sales orders and a random component of the characteristic line is normally distributed.
2. In the case of positive information the share is attractive to buyers and they are willing to pay a premium in order to accelerate the asset purchase.
3. In the case of negative information the share is less attractive and investors want to sell assets and they are willing to make some concession in order to accelerate the sale of the shares.
Additionally, suppose that: The less liquid the share -the more difficult to conclude a transaction, the premium/concession must be greater.
Thus, for non-ideal liquid assets: when the stock increases -rates of return are higher than we expect and when the stock decreases -rates of return are smaller. As a consequence we can observe the skewness of the series of the rate of return. In addition, at a given moment of time:
in the case of positive information there is a greater probability of a positive "optimistic" departure from the characteristic line, in the case of negative information there is a greater probability of a "pessimistic" departure from the characteristic line. It is the reason for the appearance of skewness of the random component of the characteristic lines. In the article, this situation will be treated as a risk factor and is called liquidity risk.
In the case of occurring liquidity risk information it should be able to get through the random component of the market model. Therefore, the component can be divided into two independent elements:
-u i > 0, which is a random component of the right-side distribution, which further explains in the case of increases -positive deviations from the characteristic line, and in the case of decreases -explains the negative deviation from the characteristic line and explains a premium paid by buyers/concessions made by sellers.
-ν i is a random component of the symmetric distribution, explains the impact of random factors that make up the rest of the specific risk.
It is assumed that u i and v i are independent -in the given moment of time some of the information creates a "conventional" random component and some of -the additional deviation from the characteristic line.
Characteristic line, taking into account the two random components has the form:
where:
In the case of increasing trend, both components are added (explaining the positive deviation from the characteristic line), in the case of falls u i is subtracted.
Using the independence of the u i and v i the investment risk measured by the variance of rates of return i R can be written as (under the above assumptions):
Estimate of the coefficients of a market model with liquidity risk
In order to estimate the parameters of the model we used the approach proposed in the case of SFA models (Stochastic Frontier Analysis). In the paper of Battese and Corra (1977) is the proposition of parameterization for the distribution moments of random factors:
where u i is cut, right-handed normal distribution For this parameterization it was possible to determine the logarithm of maximum likelihood functions, allowing a total estimation of the coefficients of the equation (2) and the moments of the data distribution by the formula (4) -see the appendix of Battese and Coelli (1992) or Battese and Coelli (1995) where we have a likelihood estimator of coefficients of the equation (3) and parameters given by formula (4). The parameterization (4) can be treated accordingly, as a specific risk and the assessment of liquidity risk. 
symptomatic model with liquidity risk as a symptom of investment risk
Accordance with the hypothesis substituted if the liquidity risk is a symptom of the increasing risk of the investment we should get a significant relationship between the respective measures of these variables. In order to assess whether the liquidity risk is a symptom of investment risk we used an econometric model. For each share: and liquidity risk was measured by D 2 (u i ). The last two models are an attempt to describe how liquidity risk is linked to changes in the daily rate of return. These models are designed to verify the thesis that the high liquidity risk is correlated with the high change in the rates of returns.
results of the empirical research
The study covered 20 companies listed on The Warsaw Stock Exchange (10 included in the WIG20 index and 10 included in the WIG80), and excluding financial institutions. The study was based on the daily rates of return calculated and based on daily closing prices during the period from September 3rd, 2012 to September 3rd, 2013. The rates of return were computed as relative increases in the prices of stocks according to the formula:
where: R it is the rate of return on security i at time t; N it is the listed value of the security i at time t. For each security estimators of investment risk and measures of liquidity risk were computed using the 30-day sliding window using the formula (2)-(4). This gave the time series 218 values of investment risk and liquidity risk measures for each of the securities.
Time series values of γ i were stationary and auto correlated. (in the case of securities considered to be more liquid securities we used the index WIG20 as a market portfolio, in the case of other securities we used the index WIG as a market portfolio). Then, the data models were estimated in the form of formula (5). In these models we selected which best meets the assumptions of linear regression. The results of the estimates and some tests include Tables   1-4 . The models in the tables is the best of those that include measures of liquidity risk as explanatory (symptomatic) variables.
In the cases of all estimated models presented in Tables 1-4 , the residuals did not show nor autocorrelation (the F-form suggested by Harvey (1990) was the diagnostic test) nor the ARCH effect: the Autoregressive Conditional Heteroscedasticity test was used (Engle, 1982 test in the present form tests the hypothesis η = 0 in the model:
where: η = (η 1 , ..., η r )'. We have TR 2 as the χ 2 test from the regression of ε t 2 on a constant and ε t-1 2 to ε t-r 2 (called the ARCH test) which is asymptotically distributed as χ 2 (r) on H0:
Because in all the estimated models we did not find evidence to reject the null hypothesis, detailed statistics of these tests were not presented (they were all very similar). Differing results were obtained using other tests which are included in Tables 1-4 (see appendix) .
The Durbin-Watson statistics had values between 1.18 and 2.14; therefore there was no risk of spurious regression. The critical value of the t-Student statistics, calculated to determine whether individual coefficients are significantly different from zero was 1.97. To explain the autocorrelation of the dependent variable, it usually was enough to take account of the variable lagged by one (in three cases lagged by two). The order of the lags for an estimator of liquidity risk was usually zero or one (except one case).
The Heteroscedasticity test (called the Hetero test) is based on White (1980), and involves an auxiliary regression of ε t 2 on the original regressors and all their squares. The null hypothesis is unconditional homoscedasticity.
In the case of shares from the WIG20 (containing the largest and most liquid companies on the WSE) liquidity risk as measured by γ i was usually an important explanatory variable for the conventional volatility -measured by the standard deviation of the rates of returns (see Table 1a ). In 6 out of 10 models, we can confirm the relationship between the variables, and the models fit well the empirical data (R 2 of about 0.9 or greater).
In the case of less liquid stocks such a relationship could not be confirmed (see Table 1b ).
A suitable model was obtained only in the case of one company, which is KREZUS.
In the models for which the parameters were obtained that are significantly different from zero, the signs of the parameters β 0 are differ. It cannot therefore indicate clearly the nature of the relationship. Therefore it was difficult to deduce the kind of general relationship between the liquidity risk measured by γ i , and the risk of investment measured by the standard deviation of returns.
In the case of models for the relationship between investment risk -measured by the variance of returns, and liquidity risk -measured by the variance of the random component
, in most cases can be found a statistically significant relationship. In 15 cases out of 20 the examined companies (both from the WIG20 and the WIG80), received good econometric models (see Tables 2a and 2b ). In the case of KGHM, the resulting model is too complex to be able to be considered useful. In two cases (PKOBP and COL) models could be considered useful at the significance level of α = 0.1. In all models, the sign of the parameter for the not table 2a and table 2b with parameters significantly different from zero fit well into the empirical data (R 2 above 0.9). It can therefore be regarded as an attempt to build such a model as success.
When the authors tried to examine the impact of the liquidity risk measured by γ i on changes of the daily returns measured by the absolute value of returns (Tables 3a and 3b) attempts to find a good econometric model failed. Only in 5 cases out of 20 of the examined companies may it be noted that the parameters of the independent variables are significantly different from zero. Unfortunately, the signs of the parameter β 0 are different, which does not allow drawing conclusions about the relationship. In addition, no one model can be considered to fit the empirical data well. In two cases, on the basis of the RESET test it may be rejected by the hypothesis of linear dependence. another kind of risk, and provides additional information.
In the case of shares from the WIG20 index, parameter γ i is important symptomatic variable for investment risk as measures by standard deviation D(R i ). Unfortunately, this conclusion does not apply to less liquid shares. Similarly, for the models where the dependent variable was the absolute value of the rate of return, the authors failed to find an acceptable econometric model.
In the case of models describing the relationship between R i 2 and variance of the random component D 2 (u i ), 70% of the model parameters of the independent variables are significantly different from zero. Also, a sign of the parameter β 0 , and the sum of parameters Σβ i for independent variables are positive. Therefore, it can partially confirm the impact of liquidity risk to the volatility of daily returns. Unfortunately, this model does not fit well with the empirical data. Furthermore, in half of the cases the described relationship is not a linear relationship.
In conclusion, the parameter γ i is a measure of liquidity, which can be easily interpreted.
However, the dependence on other selected investment risk measures did confirm (at least partially) for the variance of the random component D 2 (u i ). In brackets the t-Student statistics. * indicates significance at 5%, ** at 1%.
Source: authors' own calculations. In brackets the t-Student statistics. * indicates significance at 5%, ** at 1%.
Source: authors' own calculations.
